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Abstract
For the non-tachyonic curvature squared action we show that the
expanding Bianchi-type I models tend to the dust-filled Einstein-de
Sitter model for t tending to infinity if the metric is averaged over the
typical oscillation period. Applying a conformal equivalence between
curvature squared action and a minimally coupled scalar field (which
holds for all dimensions > 2) the problem is solved by discussing a
massive scalar field in an anisotropic cosmological model.
Fu¨r das tachyonenfreie Wirkungsintegral mit Kru¨mmungsquadraten
zeigen wir, daß die expandierenden Bianchityp I-Modelle fu¨r t → ∞
gegen das staubgefu¨llte Einstein-de Sitter-Modell konvergieren, falls
die Metrik u¨ber die typische Oszillationsperiode gemittelt wird. Wen-
det man die Konforma¨quivalenz der Kru¨mmungsquadratwirkung zu
einem minimal gekoppelten Skalarfeld an (die fu¨r jede Dimension >
2 gu¨ltig ist), kann man das Problem durch Betrachtung eines masse-
behafteten Skalarfeldes in einem anisotropen kosmologischen Modell
lo¨sen.
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1 Introduction
ELLIS (1984) has asked on which length scale the Einstein field equation is
valid. On laboratory or on cosmic distances? Here we extend this question
to cover microscopic scales, too. This is a real problem as one knows:
1. An averaging procedure does not commute with a non-linear differential
operator as the Einstein tensor is.
2. Einstein’s theory is well tested at large distances ≫ 1 cm.
3. The ultraviolet divergencies of Einstein gravity can be removed by adding
curvature squared terms to the action, WEINBERG (1979); this is a micro-
scopic phenomenon and forces to prefer a curvature squared action already
on the level of classical field theory, as we are concerned here.
Now, we propose a synthesis of 1., 2., and 3. as follows: microscopically,
we take
Lg = (R/2− l
2R2)/8πG (1)
(the non-tachyonic case). By an averaging procedure we get Einstein grav-
ity on large scales ≫ l ≈ 10−28 cm. The curvature squared contribution
represents effectively dust in the asymptotic region t → ∞. For spatially
flat Friedmann models this was already proven in MU¨LLER and SCHMIDT
(1985), here we generalize to models with less symmetry. In the present
paper we consider only the vacuum case
δLg
√
− det gijδg
kl = 0 ,
and therefore, we interpret the effectively obtained dust as invisible gravitat-
ing matter necessary to get a spatially flat universe.
We conjecture that additional matter contributions (usual dust plus ra-
diation) do not alter the result qualitatively. The general expectation for
Lagrangian (1) is the following: starting at die Planck era
RijklR
ijkl ≈ 10131 cm−4 ,
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the R2-term is dominant, the inflationary de Sitter phase is an attractor; its
appearance becomes very probable (SCHMIDT 1986, STAROBINSKY and
SCHMIDT 1987); the R-term in (1) yields a parametric decay of the value
of R and one turns over to the region t→∞ where R2 gives just dust in the
mean.
In CARFORA and MARZUORI (1984) another approach to Ellis’ pro-
gramme was initiated: a smoothing out of die spatially closed 3-geometry
in the direction of die spatial Ricci-tensor leads to different values of mean
mass density before and after the smoothing out procedure.
2 The massive scalar field in a Bianchi-type
I comological model
Consider a minimally coupled scalar field φ in a potential V (φ) (8πG = 1)
L = R/2−
1
2
φ;iφ
;i + V (φ) .
We suppose V (φ) to be a C3-function and V (0) = 0 a local quadratic mini-
mum of the potential V , i.e., V ′(0) = 0, V ”(0) = m2, m > 0. To describe the
asymptotic behaviour φ→ 0 as t→∞ it suffices to use V (φ) = m2φ2/2 be-
cause the higher order terms do not affect it. (This statement can be proved
as follows: For each ǫ > 0, ǫ < m, there exists a φ0 > 0 such that for all φ
with |φ| < φ0 it holds
(m− ǫ)2φ2 ≤ 2V (φ) ≤ (m+ ǫ)2φ2 .
And then all further development is enclosed by inequalities with m ± ǫ,
ǫ→ 0.)
Here, we concentrate on a cosmological model of Bianchi-type I. It can
be written as
ds2 = dt2 − e2α[e2(s+
√
3r)dx2 + e2(s−
√
3r)dy2 + e−4sdz2] . (2)
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φ, α, r, s depend on t only. α˙ = dα/dt = h is the Hubble parameter and
η = u/h, u = (r˙2 + s˙2)1/2 the anisotropy parameters. It holds 0 ≤ η ≤ 1,
η = 0 represents the isotropic model, and η = 1 gives φ ≡ 0, therefore, we
consider only the case 0 < η < 1 in the following. h = 0 is possible for
Minkowski space-time only, and the time arrow is defined by h > 0, i.e.,
we restrict to expanding solutions. In LUKASH, SCHMIDT (1987) it was
shown that all such solutions tend to Minkowski spacetime for t→∞. More
detailed: At t = 0, let α = r = s = 0 by a coordinate transformation. Then
for each prescribed quadruple (r˙, s˙, φ, φ˙) at t = 0 the integration of the
relevant system (We put the mass m = 1.)
(φ2 + φ˙2 + u2)1/2 = h (3)
φ¨+ 3hφ˙+ φ = 0 (4)
r˙ = Cre
−3α , s˙ = Cse−3α (5)
(Cr, Cs are constants,) up to t→∞ is possible with r, s, φ, φ˙, h, h˙ tending
to zero in that limit. Now, we consider this limit in more details. Up to now
the following is known: For the isotropic models u ≡ 0, eα = a one knows
that the asymptotic behaviour is given by oscillations around a ∼ t2/3 i.e.,
we get the Einstein-de Sitter model in the mean, and the effective equation
of state is that of dust, cf. e.g. STAROBINSKY (1978). In GOTTLO¨BER
(1987) this is generalized to a special class of inhomogeneous, nearly isotropic
models. After averaging over space and oscillation period one gets as effective
equation of state
p ∼ ρ/a2 (6)
i.e., also dust in the limit t→∞.
The question for the Bianchi-type I model is now: does one get the energy-
momentum tensor of an ideal fluid in the mean, or will there appear a strongly
anisotropic pressure? The first question to be answered is about the averaging
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procedure: From eq. (4) and the fact that h→ 0 as t→∞ one gets a fixed
oscillation period: let t = tn be the n-th local extremum of φ(t), then
lim
n→∞ tn+1 − tn = π .
Therefore, we average the metric about this period of time. Let us denote
r(tn) by rn, . . . For a fixed finite time it is ambiguous how to perform this
average, but in the limit t→∞ one can describe the system by adiabatic (or
parametric) deviations from pure φ ∼ cos t-oscillations, and the averaging
procedure consists of constructing monotoneous smooth curves α¯(t) fulfilling
α¯(tn) = αn, . . . and the effective energy-momentum tensor is obtained from
eq. (1) with α = α¯(t), . . . using the Einstein equation.
Derivating eq. (3) one gets with (4)
0 ≥ h˙ = 3φ2 − 3h2 ≥ −3h2 (7)
and therefore,
hn ≥ hn+1 > hn − 3πh
2
n .
Let
h ≥
1
3π(n+ n0)
be valid for one value n = n1 then, by induction, this holds true also for all
larger values n, i.e.,
h(t) ≥
1
3(t+ t0)
(8)
for some t0, let t0 = 0 subsequently. Derivating (5) we get with eq. (3)
η˙ = −3η(1− η2)h ·
φ2
φ2 + φ˙2
. (9)
The last factor can be substituted by its mean value, = 1/2. From eq. (8)
one can see that for initial conditions 0 < η < 1 as we met here, eq. (9)
leads to η → 0 as t→∞. Knowing this, we can perform a stronger estimate
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for h, because in the mean, h˙ = −3h2/2, i.e., in the leading order we have
h(t) = 2/3t and, using (9)
η˙ = −η/t , η = η0/t .
Remember: the inflationary era diminishes η exponentially, but here we con-
sider only the asymptotic region. In sum we get for metric (2)
eα = t2/3 , r = −Cr/t , s = −Cs/t . (10)
Inserting (10) into (2) we get, via the Einstein equation, a diagonal energy-
momentum tensor with ρ = T00 = 4/3t
2 and pressure of the order (C2r +
C2s )/t
4. The effective equation of state is p ∼ ρ/t2 ∼ ρ/a3, i.e., also dust
in the limit t → ∞ as eq. (6). From the details of the paper of LUKASH
and SCHMIDT (1987) one can see that for almost all models the end of the
inflationary stage is just the beginning of the Einstein-de Sitter stage.
A similar result occurs if not the metric, but ρ and p will be averaged, cf.
GOTTLO¨BER (1984).
Result: For the minimally coupled scalar field in a potential V which
has a single quadratic minimum at V = 0 all expanding Bianchi-type I
cosmological solutions tend to the Einstein-de Sitter model for t→∞ if the
metric is averaged over the oscillation period.
3 The generalized equivalence
Some types of a conformal equivalence theorem between fourth order gravity
and minimally coupled scalar fields are obtained in SCHMIDT (1987, 1988)
and ref. cited therein. This theorem was independently obtained by FER-
RARIS (1986) (cited from JAKUBIEC and KIJOWSKI (1987) and GOEN-
NER (1987)) and STAROBINSKY (1988), too. All of them are restricted
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to 4-dimensional space-times. On the other hand, both R2-terms and scalar
fields have been discussed for higher-dimensional space-times, recently, cf.
e.g. ISHIHARA (1986). Therefore, it is worth mentioning that this confor-
mal equivalence theorem can be formulated for arbitrary dimensions n > 2:
Let
L˜ = R˜/2−
1
2
g˜ijφ|iφ|j + V (φ) (11)
and
g˜ij = e
λφgij , λ =
2
(n− 1)(n− 2)
(12)
be the conformally transformed metric. Then the solutions of the variation
of (11) are transformed by (12) to the solutions of the variation of L = L(R),
where
R = −2eλφ
(
nV
n− 2
+ µ
dV
dφ
)
, µ =
√
n− 1
n− 2
(13)
is supposed to be locally (round R = R0) invertible as
φ = F (R) , F (R0) = 0 , F
′(R0) 6= 0
L(R) =
1
2
R0 + V (0) +
1
2
∫ R
R0
eF (x)/µdx . (14)
The inverse direction is possible provided L′(R)L”(R) 6= 0, cf. SCHMIDT
(1987, 1988) for details with n = 4.
4 The fourth order gravity model
Now we come to the question posed in the introduction: Let L(R) be a
C3-function fulfilling L(0) = 0, L′(0)L”(0) < 0. Then we can write
L(R) =
R
2
+ βR2 +O(R3) , β < 0 . (15)
We consider the Bianchi-type I vacuum solutions which start in a neighbour-
hood of the Minkowski space-time and ask for the behaviour as t → ∞.
Applying the equivalence theorem cited in sect. 3 we arrive at the models
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discussed in sect. 2, and this is applicable for |R| being small enough. The
conformal factor depends on t only, and therefore, the space of Bianchi-type
I models will not be leaved, and we can formulate the following: In a neigh-
bourhood of Minkowski space-time, all Bianchi-type I models which represent
a stationary point of the action (15), can be integrated up to t→∞ or −∞,
let it be +∞. One singular solution is the Kasner solution and all other so-
lutions undergo isotropization and have an averaged equation of state p = 0
for t→∞.
5 Discussion
ANDERSON (1986) discussed the possibility that curvature squared terms
give an effective contribution to the energy density of a Friedmann model.
This could explain the discrepancy between the observed mean mass density
of about 1/10 the critical one and the predicted (from inflationary cosmology)
nearly the critical one. Here, we have shown that also for a large initial
anisotropy the oscillating curvature squared contributions give just dust in
the mean and not an equally large anisotropic pressure as one could have
expected. The next step would be to look for a generalization of this fact to
inhomogeneous cosmological models.
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